A goniometric rocket velocity computation algorithm
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Abstract: This paper proposes a simple algorithm for computation of the velocity of a rocket from a single still film frame where the oblique shock-wave cone is visible. The algorithm consists of the following steps:

1. Measurement of the visible oblique shock-wave cone angle, the diameter and the length of the rocket.

2. Computation of the real oblique shock-wave cone angle based on these values via a simple formula.

3. Computation of the rocket cone (or cone approximation) angle from the rocket drawing dimensions.

4. Computation of the Mach number from the Taylor-Maccoll equation of the supersonic conical flow.

5. Computation of the rocket velocity from the Mach number and the rocket’s atmospheric altitude.

Applying the algorithm to the Saturn V rocket gives a more exact real velocity at S-IC (stage 1) staging time.

Гониометричен алгоритъм за изчисляване на скоростта на ракета

Лъчезар Ил. Георгиев

Резюме: Предлага се прост алгоритъм за изчисляване на скоростта на ракета от филмов стоп-кадър, където е видим конусът на кóсата ударна вълна. Алгоритъмът се състои от следните стъпки:

1. Измерване на ъгъла на видимия конус на кóсата ударна вълна, диаметъра и дължината на ракетата.

2. Изчисляване реалния ъгъл на конуса на кóсата ударна вълна по тези стойности с проста формула.

3. Изчисляване на ъгъла на конуса (или приближен конус) на ракетата по размерите от чертежа ѝ.

4. Изчисляване на числото на Мах от уравнението на свръхзвуков коничен поток на Тейлър-Маккол.

5. Изчисляване на скоростта на ракетата по числото на Мах и атмосферната ѝ височина.

Прилагането на алгоритъма към ракета Saturn V дава по-точна реална скорост при отделяне на S-IC.
1. Introduction
Above a certain supersonic Mach number, a conical shock wave is attached to the aircraft cone’s apex. The wave’s cone angle is often used to determine the Mach number [1] (in wind tun​nels to test airfoils, engines, etc.). Pokrovsky in 2007–2010 and Popov in 2010 did this to a rocket in open air [2], analysing NASA’s Apollo 11 launch clip [3] and its still frame [13] by this and three other meth​ods. They found the rocket’s real velocity at S-IC staging time to be much less than the nomi​nal, meaning that too little load was launched so no manned Moon landing occurred. But they made ap​proximations leading to impre​cise results. This paper aims to fully define the rocket ve​locity computation formu​las and al​gorithm to get a more accurate value of the rocket speed.
2. Real oblique shock-wave cone angle
If the rocket’s oblique shock-wave cone is filmed, the film fixes only its projection. Measur​ing the projected cone angle, rocket length and diameter on the photo, and knowing the real rocket length and diameter, the real shock-wave cone angle can be derived.
Fig. 1 shows a real cone projected on the film plane with its base seen as an ellipse. The pro​jection is symmetrical, i.e. it does not matter if the cone is visible from the apex or from the base. The unknown real cone angle ( can be expressed as a function of the projected (visible) cone angle ( and the visible rocket length-shorting cos (. Such an expression (formula) shall be derived. The equation of the tangents of slope m to the ellipse is [4]:
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Fig. 1: A real cone (top) and its projection on the 0xy plane (bottom)

(, b, and l can be derived from fig. 1 as
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Substituting l in (3) gives for (
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Substituting c from (2) in (4) gives
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Equation (5) gives the desired relation but is complex. Squaring both sides helps simplify it:
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Now, cos ( can be expressed as
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where l, d – rocket length and diameter on the photo; L, D – real rocket length and diameter.
Since (7) is a division of two length-to-diameter ratios, as long as each pair (l and d, L and D) is in the same units, such units can be any. For example, both l and d can be in pixels, millimetres, points, etc., whereas both L and D can be in metres, feet, inches, etc. Substituting (7) in (6) gives the practical formula for obtaining the real shock-wave cone angle ( from the angle ( on the photo:
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3. Rocket cone angle
The Mach number depends also on the rocket cone angle, albeit, as shall be shown, to a much lesser degree. This angle is easily computed from the known rocket dimensions, as follows:
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where D1 – smaller diameter of a cone frustum (can be 0), D2 – larger diameter, L1–2 – the length between D1 and D2. The cone is tangential to the more complex rocket shape and serves as its “bench​mark”. This tangent-cone approximation is often used for such axisymmetric bodies [5].
4. Mach number
If the real shock-wave cone angle and the rocket cone angle are known, the Mach number can be computed by solving the Taylor-Maccoll ordinary differential equation. It has no closed-form solutions and must be solved numerically; one such method is proposed in [6]. There exist accurate nomograms and computer programmes for such solutions.

5. Rocket velocity
With known Mach number M, rocket velocity is the product of it and the sound speed Cs [7]:
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where ( – the ratio of specific heat of air at constant pressure to that at constant volume (it is set to be 1.4 exact), R* – the gas constant = 8,314.472 N(m / (kmol(K), TM – the absolute tempera​ture [K] = 273.15 + t(C, M0 – the mean molecular weight of air = 28.96442 kg/kmol [8][10].
With a known t(C, the sound speed is [11] 
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       (10)
The temperature at a given altitude varies with the atmospheric model. For simplicity, the rocket can be assumed to be in the stratopause (altitude: 47–51 km) where a local maximum of the temperature (and thus sound speed) exists that is −2.5(C [9][12] in both the International and U.S. Standard Atmospheres and in GOST-4401. There, the rocket velocity is 
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6. Velocity computation algorithm steps
1. Measure the projected oblique shock-wave cone angle (, the rocket length l, and its diameter d.
2. Compute its real shock-wave cone angle (8) and the rocket cone angle (9).

3. Find the Mach number by software solving the Taylor-Maccoll equation or a nomogram (fig. 4).
4. Compute the rocket velocity (11).
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Fig. 2: NASA photo S69-39957 [13] showing the S-IC staging of the Saturn V rocket, with values of (, d, l
7. Applying the algorithm
Now that the algorithm is defined, it shall be ap​plied to the real Saturn V rocket. Substituting the measured values on fig. 2 and real rocket dimensions on fig. 3 in (8), the real oblique shock-wave cone angle
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As seen on fig. 3, the rocket shape is complex but axisymmetrical, so a cone tangential to its S-IVB stage can approximate it well enough [5]. Substituting the dimensions on fig. 3b in (9), the rocket cone angle
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Entering the above values of ( as (S and ( as (C in the Supersonic Cone programme, it gives a Mach number of M∞ = 2.863 (fig. 4a). The red line cross point for these ( and ( values lies on the same Mach number curve on the NACA nomogram (fig. 4b). As it shows, the exact value of ( little affects the Mach number, so the tangent-cone approximation is justified.
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Fig. 4: The Saturn V Mach number in a) the Supersonic Cone programme [16], b) NACA nomogram [17] (the Mach number of each curve is shown on the right; the red lines connect the Saturn V ( and ( angles).

The Launch-escape motor on top of the rocket is clearly visible on photo [13] (fig. 2). Therefore, the cam​era resolution and thus the maximum error of each meas​urement is less than its diameter of 26” (fig. 5). So, the total maximal error of measurement (and thus, of M) is
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(Angle measurement error equals the length meas​urement error, so it’s doubled.) Adding the stratopause temperature deviation (290/271)½ = 3.4% [19](10) rises it to ( 11%. With M = 2.863, the real air-fixed Apollo 11 Saturn V velocity at S-IC staging time (11) is
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The 40 m/s contrary mesospheric easterlies at LC-39 latitude 28.6º in the summer hemisphere [20] re​duce the real Earth-fixed velocity to about 900 m/s. Compare it to NASA’s declared veloci​ties of 9,064.5 − 1,340.67 = 7,723.83 ft/s = 2,354.2 m/s [21] and 2,402.7 m/s (2,397 nominal) [22].
8. Conclusion
A formula to get the oblique shock-wave cone angle from the projected cone angle has been derived, and a velocity computation algorithm defined. To find open-air rocket’s ve​locity, only a photo of its oblique shock-wave cone is needed, if the well-known supersonic conical flow theory (used mostly for wind tun​nels) is applied. The computed more exact real Saturn V velocity of about 900 m/s (2⅔ times less than the NASA’s values) verifies the Pok​rovsky’s and Popov’s findings [2].
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Fig. 5: Apollo Launch-escape motor [18]





Fig. 3: Size of a) Saturn V [14], b) S-IVB [15]
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